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1. INTRODUCTION

Motivation:

High-precision measurement of the magic wavelength for an optical lattice

Anag =468.46 N

of a clock based on the frequency of a strongly forbidden transition of Mg atom
between metastable 3s3p(3P,) and ground 3s? (1S,) states reported in the paper

A.P. Kulosa, D. Fim, K.H. Zipfel, S. Riihmann, S. Sauer, N. Jha, K. Gibble, W. Ertmer, E.M.
Rasel, M.S. Safronova, U.I. Safronova, and S.G. Porsev “Towards a Mg lattice clock:

observation of the 1S0—3PO0 transition and determination of the magic wavelength”,
Phys.Rev.Lett. vol. 115, 240801 (2015).
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Magnetic-dipole. electric-quadrupole, and hyperpolarizability effects on clock energy levels are analyzed
in detail for Sr atoms in Stark potentials of red-detuned and blue-detuned magic-wavelength optical lattices.
A difference between ac Stark shifts in traveling and standing waves is determined numerically. Differences
between magic wavelengths for atoms in traveling and standing waves are presented and strategies for minimizing
uncertainties of the clock frequency are indicated explicitly. Significant suppression of hyperpolarizability effect
is demonstrated analytically for a blue-detuned in comparison with a red-detuned lattice, thus enabling essential
deepening of trap potentials, reducing tunneling between lattice wells and collision effects.
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Recent progress in optical lattice clocks requires unprecedented precision in coatrolling  systematic
uncertainties at the 107" Jevel Tuning of nonlinear light shifts is shown to reduce lattice-induced clock shift
for a wide range of lattice intensity. Based on theoretical multipolar, nonlinear, anharmonic. and higher-order
light shifts, we numernically demonstrate passibie strategies for Sr, Yb, and Hg clocks to achieve lattice-induced

systematic uncertainty below 1 x 1015,
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L INTRODUCTION

The last few years have wilnessed significant advances
in optical clocks to reach uncertainties of the 107" Javel
in ion-based clocks [I] and optical lattice clocks [2.3].
Hitherto unexplored accuracy of optical clocks opens up new
possibilities in science and technologies, such as probing new
physics via possible variation of fundamental constants [4-6].
and relativistic geodesy 1o measure gravitational potential
differences [1]. Evaluations of perturbations on the clock
transitions are indeed at the heart of these endeavors.

Unperturbed transition frequencies have been accessed by
extrapolating perturbations to zero. which is straightforward

PACS number(s): 32.70.Jz, 06.30.F1, 37.10Jk, 42.62.Eh

and light-polarization-dependent hyperpolarizability efl-
fect [18] can be used to tailor the intensity dependence of
light shifts. We define an “operational magic frequency” to
reduce light shift to less than | x 107'® for a sufficiently
larger intensity variation than is necessary for confining atoms.
Numerical calculations for electric-dipole (E1), magnetic-
dipole (M1), and electric-quadrupole (E2) polarizabilities
and hyperpolarizabilities are presented for the 'S;-°F, clock
transitions in Sr, Yb, and Hg atoms, which are used to
demonstrate the feasibility of the proposed strategies.

IL. LATTICE-INDUCED LIGHT SHIFTS
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The recent progress in designing optical lattice clocks with fractional uncertainties below 10~ requires
unprecedented precision in estimating the role of higher-order effects of atom-lattice interactions. In this paper,
we present results of systematic theoretical evaluations of the multipole. nonlinear, and anharmonic effects on
the optical-lattice-based clocks of alkaline-earth-like atoms. Modifications of the model-potential approach are
introduced to minimize discrepancies of theoretical evaluations from the most reliable experimental data. Dipole
polarizabilities, hyperpolarizabilities, and multipolar polarizabilities for neutral Ca, Sr, Yb, Zn, Cd, and Hg atoms
are calculated in the modified approach.
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« Cold-atom clock development
has made excellent progress

Cold-atom clocks: what for ?

— Cold Cs microwave clock
(uncertainty ~ 2 x 10°16)

— Cold atom/ion clocks
(unc. as low as 6 x 1018,
instability ~ 1 x 10°18)

Scientific applications

~Physics of clocks®
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Tests of the Equivalence Principle (on the ground, laboratory experiments)

Tests of General Relativity (structure of space-time) — space missions

Geophysics: determination of the geopotential

Radio science

Technical applications (spacecraft navigation in deep space: clocks/oscillators

operated at deep space antenna sites)

Year
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Typical structure of energy levels in alkaline-earth and alkaline-earth-like
atoms (Mg, Ca, Sr, Zn, Cd, Hg, Yb)

nsnp ( 1Pl) Radiation transition between metastable
\ and ground states, stimulated in odd
3S isotopes by the hyperfine interaction, is
1

strictly forbidden in even isotopes.

\\ 3 P This restriction makes extremely narrow the
2

line of the clock transition, 3PO _180

3 P which may be stimulated by an external
0

4
K magnetic field or by the circularly polarized
«Clock» . . "
N n lattice wave. This transition may be used as
,'I transition an oscillator with extremely high quality
/2w(M1+E1) _ 17
; Q=v,/y>10
The width ) of the oscillator depends on
(AS:]-) (and may be regulated by) the intensity of
| 2
2 (1 the lattice wave or the magnetic field.
ns? (S, )
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Natural Isotope composition

Even isotopes
(I=0)  abundance
24,26MQ: 90%
40-48Ca: 98.7%
84,86,88Gr Q304

64-707n;  95.9%
106—>116Cd: 75%
1962041y 69.8%

Odd isotopes
abundance  (1#70)
SMg: 10% (1=5/2)
$Ca: 1.3% (1=7/2)
8/Sr: 7%  (1=9/2)

577Zn: 4.1% (1=5/2)
111,113Ccd:  25% (|:1/2)
199.201Hg: 30.2% (1=1/2,3/2)

ILI3YD: 27% (1=1/2, 5/2)
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'” Posmon /A,
c"' "‘a—; 5s5p 3P, (F = 9/2)

552 1S, (F = 9/2)

Simplified optical coupling scheme for Sr(87). From (H.Katori, M.Takamoto,
V.G.Pal’chikoy, V.D.Ovsiannikov, PRL ,Vol.91, 173005(2003)



Summary for higher-order
contributions for Sr atoms

1. Polarizabilities. To calculate the M1 and E2 contributions to the polarizability a, the
magnetic dipole and electric quadrupole atom-field interactions should be taken into account
together with the electric-dipole terms.

Numerical estimates with the frequency o, which o (»)=0 gives

o (M1)~ a (E2) =107(-7) xa (E1) (H.Katori, M.Takamoto, Pal’chikov et al, PRL, 2003)
2. Hyperpolarizabilities. Hyperpolarizabilities of the clock states at », which a (®)=0, are:
B (1S0)=6.3x10"6 a.u.
B (3P0)=2.7x10"8 a.u.
The relative contribution due to hyperpolarizabilities for the light shift is about ~5x10"-18
at intensity 10 kW/cm”2
3. Anticrossing effect .
Off-diagonal matrix element is not zero:
<3P0! H(2)!3P2>~-a(tensor) a.u.
A.Derevianko, W.Johnson, V.Pal'chikov et al, PRA, 1999
4. Spin-Spin mixing effect is very small
(V.Pal’chikov, G.von Oppen, JETP, 1999; Physica Scripta, 1998)
5. Measurement for the magic wavelength:

A =813.4 nm ( H.Katori et al, Nature, 2005, 435, 321)
and frequency 429 228 004 229 875.3(3.8) Hz(H.Katory et al,J.Phys.Soc,Jpn, 2006)
6. Theory for the magic wavelength:

A =808.9 nm (in press)
7. BBR effect. &v (BBR)/ v(0) =-5.5x10"(-15)
A.Derevianko and S.Porsev (to be published)



General formulations for ac Stark effect

Finally, the light shift may be expressed in a
form
hv =hv —EAa(é,w)l —iAy(é, o)l°..,
4 64
Depending on the frequency and
polarization of the laser field .

F(t) = F Regexp|(K-F—at) |}

1. N.L. Manakov, V.D. Ovsiannikov, and L.P.
Rapoport, Phys.
Reports 141, 319(1986).

1

hv =hy© —ZAa(é,a))l —A,B(@,a))\ﬁ—G—lélAy(é,a))l 2

The term « I'/2? was first predicted in [A.Taichenachev et al,
PRL, 101, 193601(2008)]



2. Optical lattice

As follows from the Maxwell’s equations,

rotE:—la—B, rot leﬁ—E,

c ot c ot
electric- and magnetic-field vectors in a traveling wave are on-phase

E.(X,t)=E,cos(tkX —at), k=e,k, k=wlc=2rxl2;
BY (X,t) =By, cos(+kX —at), B, ==|e, xE, |.

Mean temporal distributions of electric- and magnetic-field energies in a traveling
wave are space-uniform (independent of position)

Instantaneous mean temporal and spatial

Et 2+ Bt 2 E 2 . E 2
Wi:( ) (B _(E) cos” (kX — at); Wi:<wi>:( o)
- 87 A - - 87
Hosocunbupck, dusmnka 16
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Electric- and magnetic-field vectors in a standing wave are a quarter-period off-phase

ES(X,t) =E' (X,t)+E" (X,t) = ES cos(kX ) cos(at), ES =2E,,,
B*(X,t) =B (X,t)+B' (X,t) =B sin(kX)sin(et), B:=2B...

Therefore, the mean temporal distributions of electric- and magnetic-field energies
In a standing wave are space-dependent and also a quarter-period off-phase

Instantaneous mean temporal

s 2
W,SE(X,t):(E (8>;’t)) = (2(7’[)2 cos?(kX)cos?(at); We = (Eﬂ) 2(kX)

s 2
w%(X,t):(B (81’0) :(Ez’gz)zsinz(kX)sinz(a)t); W_B—(42328|n2(k>()

HoBocunbupck, dPusnka 17

ynbTpaxonoaHblX aToOMOB,
Mava~RnL 201 R



2a) Spatial distribution of atom-lattice interaction

E(X 1) =26, cos(kX)cos(et), k=2 - Z;f

V(X,t) =Re {V(X)exp(—ia)t)}

V(X) =Ve, Cos(kX ) + (Ve +V},,) sin(kX )

a

T ((E®n],-C.0.0); Vi =5 (InxE;]-(+5));

r=rn, |nl=1.

VEl_(r E) \7E2_

HoBocunbupck, dPusnka 18
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The Stark-effect energy shift induced by the atom-lattice interaction is

AE latt

g(e)

(X)=EY (X)+EY (X)+...

g(e) g(e)

EG, (X)==(g@N(X)GV (X)+V (X)G V' (X)|g(e)) =

—{ ey (@) €05” (KX )+ (@) sin? (kX)) } |

g(e)
where ag(e) (w) is the dipole polarizability; G, the Green's function.

aln (@) = agl (@) +als, (o) is the multipole polarizability;

| =cE; /87 is the mean intensity of an input laser beam
(4) _ 4 2
Eqe) (X) = Ly (w)cos™ (kX)1°.

HoBocunbupck, dPusnka 19
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2b) Lattice potential wells.
The clock-level shift is the lattice-trap potential energy, which consists of the wells
separated mm/k=A/2 from each other. Atoms locate near their equilibrium positions at the
well bottoms. Assuming the departure of atom from the bottom X<<1/k = A/2m, the
energy of atom-lattice interaction may be presented, as follows

Iatt (X) Ulatt (X) z_D _I_U(harm)XZ _U(anh)x4;

g(e) g(e) g(e) g(e) g(e)

(e)(a)é 1) = a(e)(w)|+ﬂg(e)(f,w)|2, — depth

arm m MatQZ Q, ,|
Uér(]e) )_[ S?e)(a))l +2ﬂg(e)(§ a))lz]kz (2 d ),

UG (@,61) =@ (@)1 455, (& 1 ] K

d
g?g () = ag(e) (@) - ag(e) (@)
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The clock-level energies include the energies EVI? ) of atomic motion in the lattice
well, determined from the Schrodinger equation g

H (X )\‘P (X ) = E\éi?e)\ljn (X ) of the Hamiltonian
O

. = . .
at Iatt
Hye)(X) =52 o +Uge(X), B, = o

at

Eg?;)(a),f,|,n):_Dg(e)(w’§’|)+Qg(( cf ) ;) anh(a)f ) n2+n+éj

g(e)

2

depth harmonic oscillations anharmonic energy

anh Erec 318 (e (5 CU)' ]
Eg(e)(a)f I):7_ d;m(w) )

Etrec .

IS the recoil energy of a lattice photon

2M_.C
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Stark-trap potential and vibration-state energies (in the units of the potential

depth D)) of an atom in a lattice field
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|latt (0) vib
Eae) = Bge) T Ege)

(@,&,1,n); & =sin2¢ isthe CPD,
¢ = arctan(b/a) is the ellipticity, |e|< z/4

The magic-wavelength (MWL) condition implies the equality

EY (g £ 1,1) = B2 (g &, 1,1)

To hold this condition, the equalities should hold for the following ground-state (g) and
excited-state (e) susceptibilitieS'

(e) o (@); Ay (o) (@) = a, 0(e) (@) +ag, 10 (@);

d
g((q;n)(w) Otg(e)(a)) ag(e)(a))

B (& 0) = ﬁgIEZ) (@) + &7 [,Bgc(e) (w) - ,Bgléz) (a))} | &KL

The most important of which is the E1 polarizability, so the primitive MWL condition implied

El El
of mag) 0[ ( mag)
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The Fues’ model-potential approach evaluates the magic wavelength at 4, ~471.6 nm

—a™(2) (kHz/(kW/ecm?))
20i

10

—10

—207

_30_ T T T T T T T T T T T T T T T T T T T T T T T T
450 460 470 480 490 50

o, A (Nm)

Dipole polarizabilities of the clock ground (red dashed) and excited (green bold) states of Mg atom
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2¢) Lattice-induced clock-frequency shift.

latt VéIO) LA 0 _p(0) 0. Av(i?tt _ vib _ pvib.

cl cl ? cl e g ? e g !

Avg' = —AD+AQ(H +%)—AE6‘”“ (nz + n+%):

AD =[ (@) - o (@) |1 +] B. (@) - B, (@) |17;

AQ=0, -Q =2JE™I [\/aqu () +28, (@)1 - \Jag™ (@) + 23, ()] };

3| Blé0) By @)

AEanh _ > Erec o =
2° | aM(@) o ()
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Avt (0 &) =CpMI Y246 (0,1 +Cy, (0,12 46,1 °

it AB (& Opag) | AB (&, 0,0g) <O,

then & =+1/ \/1—A,BC [AB',

AB(Cragr Pnag) = 0.
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Assuming the lattice laser frequency @ = a):;;g + 0 , Wwhere the magic frequency a)n'f;g

Is determined from equalization of the E1 polarizabilities of the clock states,

aEl( aEl( a

mag ) mag )

The coefficients for the lattice-induced shift are presented in terms of the clock-state
susceptibilities, as follows

rec

Ell (n +%j, ClEl(é:’ n’5) -

m

oA .
C1E/§(n’5)—[ an 0- Aaglj

oAa,
oV

El 3E|£ec E
20!m AIBEl(é:)( N+ 2)1

3/2(5 n) ZAﬂEl(f) agl (n'*'%jv Cfl(g):_AlBEl(g)'

m
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3. Numerical values of electromagnetic susceptibilities at a,,

The constant in the last line gives the value of the BBR-induced shift: Av®®R(T)=v2% (T /300 K)*

Table 1

yrbTpaxosnogHblX aTOMOB,

Mava~RnL 201 R

Atom Mg Ca Sr Yb Zn Cd Hg
/’Lmag(nm) 468.46 747 813.43 759.36 406.5 414.4 362.57
Voo (THZ) 655 455 | 429 518 969 903 1129
kHz
arﬁl( 2) 175 | 480 | 452 | 405 8.11 9.76 5.70
kw/cm
gn( MHZ
Ay’ | o 548 | -20 | —6.20 | —8.06 15.3 5.86 8.25
Hz
Apl K 111+ ) ) 43 ~547 | -267
(kwiem?) | | sggi | 7 | 720000 =Sla 6 | w2020 | +0s82i
¢ pnHz
ABS 1735+ 42.6 19.5 0.94
(kwrem?)” | | gegi | 1024 | MO 28 s | ssoni | +12i
Q. L kHz
I | Jow o | 515 | 414 | 2505 | 180 24.1 19.9 13.1
o(Aay')( 10°®
~— | ooz || 0420 | 0273 | 0254 | 0720 | 0.187 0200 | 0.134
E™(kHz) | s79 | 894 | 347 | 200 17.9 1014 | 757
Vo "(Hz) | —0424 |-064| -213 | 125 | -023 | -022 | -0.88
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Coefficients for the lattice-induced shift dependence on the laser intensity

Table 2
ATOM Mg Sr Yb Hg
C172 4,03 0.86 0.19 475
mHz(kW/cm?)-12
¢, (é=0), -0.18 - 0.00266 —
mHz(kW/cm2)-1 0.0096i | 00> | 00116 0.00082i
c, (&=%1), —2.82- ] ~0.000936 —
mHz(kW/cm2)-1 0.0141i | 00179 1 -0.0088 0.00121i
Cy0 (€=0), 0163+ | - ~0.00308 +
mHz(kW/cm?)-3/2 0.00871 0.055 0.069 0.00095i
Cyp (§=21), 2.55+ | 0.00108 +
mHz(kW/cm?)-3/2 0.01281 0.086 1 0.053 0.00139i
c, (¢=0), -0.111 - 0.00267 —
mHz(KW/cm?2)2 0.0061 020 0312 0.00082i
C, ({&=11), - 173~ - —0.00094 —
mHz(kW/cm2)2 0.00871 0311 0.238 0.00121i
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Dependence on the lattice-laser intensity of the clock-frequency shift in Mg
atoms for positive (a) arEld negative (b) detuning of the laser frequency from
the magic frequency @,

Av(mHz) Av(mHz)

-400 1
J 0

-600

-B00-

-1000-

50 60 70 80 90 00 | (KW/cm?)

(b): 6 =—20 (red solid), —20.5 MHz (blue dotted)
(a): & =0 (red solid), 1 MHz (blue dotted) and —21 MHz (black dashed line)
and 2 MHz (black dashed line)
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Dependence on the lattice-laser |nten5|ty of the clock-frequency shift in Mg atoms at a
most appropriate detuning O = @ — a) for ensuring the least deviations of the shift

Av(mHz)

740 o ———

I (KW/cm?)

O =—44.54 (red solid), ¢ =-44.56 (blue dotted)
and O =-44.58 MHz (black dashed line)
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Dependence on the intensity of magic-elliptically polarized lattice-laser radlatlon of
the clock-frequency shift in Hg atoms for a negative (b) detunlng O=w— a) of
the laser frequency @ from the magic frequency a)

Av(mHz)

~19.4
~19.6-
~19.8-

20

02t e 11 (KW/em?)
s 60 70 8 90 100 110 120

O =-2.41 (red solid), 0 =-2.42 (blue dotted)
and O =-2.43 MHz (black dashed line)
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The clock-frequency shift of Cd atoms as a function of the lattice-laser intensity for linear
(red bold line), magic elliptical (blue dotted) and circular (black dashed) polarization of
the lattice-laser wave
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Av(mHz)

-13.64,
-13.8 5

14
—14-.2:
-14,4 7

=14.6

_1'¢|E-

50 60 70 80 90 100

50 20 100 120 140
| (KW/cm?)

I (kw/cm?)
(@) (b)

The clock-frequency shift of Cd atoms as a function of the lattice-laser intensityEflor the magic
elliptical polarization of the laser wave and the laser-frequency detuning from @, :

(@) & = — 900 (red solid curve), & = — 905 (green dotted) and & = — 910 kHz (black
dash-dotted);

(b) & = — 790 (red solid curve), & = — 800 (green dotted) and O = — 810 kHz (black
dash-dotted).
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FIG. 3. (Color online) Light shift for a Hg clock as a function of
laser intensity /. The black solid and blue dashed lines correspond
to linear-polarized and “magic-elliptical” light with detuning §v = 0.
With §v = —4.66 MHz and £ = (.75, the light shift (red solid line)
becomes less than =1 mHz (green) for the gray shaded region. The
red dashed lines indicate the tolerance (0.5%) for £M¢. For linear
polarized light (¢ = 0) with dv = —2 MHz, the light shift becomes
insensitive to A around I ~ 36 kW /cm? (dotted line).
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FIG. 4. Contour plots of light shifts for a) Yb and b) Sr
clock transitions as functions of lattice laser intensity I and
detuning dv, for £¥° = 0.75 and ¢ = 0. The red-dotted
lines show zero light shift. The region bound by red lines
corresponds to light shift |Av.|/1p < 1x 10~ '®, Tuning to the
operational magic frequency dv as indicated by white dotted
lines, wide range of operational intensities are allowed.



Thanks for your attention!
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