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Abstract—In this paper, the problem of controlling the trajec-
tory motion of a quadrotor with a suspended load is considered.
Using the Lagrange equations of the second kind, the equations of
motion of the quadrotor-load system in three-dimensional space
are obtained. The authors propose a control algorithm based on
stable differential equations describing transients according to
the mismatch of current and target coordinates. The effectiveness
of the algorithm is confirmed by the results of numerical
modeling.

Index Terms—quadrotor, trajectory control, payload trans-
portation on suspension, desired transition processes

I. INTRODUCTION

Multicopter unmanned aerial vehicles (UAV) are success-
fully used today in different tasks such as aerial photography
and digital mapping [1]. Promising industries for multicopter
applying are cargo delivery [2], [3], modular construction,
items collection [4], scientific research of some area and
precision farming [5].

The problem of cargo transportation using cable suspension
is one of the most in demand in these applications. The
removal of a payload at a distance equal to the suspension
length can significantly reduce the amount of external inter-
ference from control signals and incoming air flows from the
propellers of the quadrotor.

Suspension oscillations arising during maneuvering signif-
icantly change the UAV’s flight characteristics and can lead
to unsatisfactory or dangerous flight conditions. Moreover, in
some applications, such as aeromagnetic surveys, it is neces-
sary to ensure the movement of the payload — magnetometer
with subdecimeter accuracy along the prescribed route [6],
[7], [8]. In this problem formulation the synthesized control
laws should provide suppression of the suspension oscillations
relative to the vertical and stabilization of the load on a given
trajectory.

The synthesis of control laws for a dynamic quadrocopter-
cargo system requires the use of the modern theory of nonlin-
ear automatic control systems.

Combined controller H2/H∞ is proposed for solving tra-
jectory control tasks in [9]. Methods of geometric control
theory are used to synthesize control laws of quadrotors group
co-transporting cargo [10], [11] and to control a quadrotor with
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a suspension of several links [12]. Numerical optimization
algorithms for constructing a motion path are proposed in [13].
Open-loop control system based on the dynamic programming
method is proposed in [6].

In the above papers generally only global asymptotic con-
vergence of the trajectory control error is proved, and the task
of calculating the control actions providing a given form of
transient processes in a closed-loop system remains relevant.

This work is a development of [14], in which the problem of
motion controlling of the quadrotor-cargo system was solved
in one plane. The dynamics of the system in three-dimensional
space is obtained.

The synthesis of control signals is based on the required
differential equations of the controlled parameters behavior in
time and a complete dynamics model. The results of numerical
simulation confirm the effectiveness of the proposed control
method.

II. PROBLEM STATEMENT

In this study, the system is consisted of quadrotor M1

and load M2 whose centers of masses were connected via
weightless cable with length l Fig. 1. We introduced the
angle between vertical and cable through two projections
γ-angle in (x,z) plane and ζ-angle in (y,z). Orientation of
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Figure 1. Quadrotor with a payload on suspension.
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quadrotor-connected coordinate system xb, yb, zb towards fixed
coordinate system was determined by Euler angles ψ, φ, θ. It is
sufficient to use any two Euler angles to control the quadrotor
motion direction, so further we considered the system with
ψ = 0. Coordinates of rigid body x2, y2, z2 were expressed
through coordinates of quadrotor x1, y1, z1, length of cable l
and angles γ, ζ:

x2 = x1 + lR(γ, ζ)A(γ, ζ),

y2 = y1 + lR(γ, ζ)B(γ, ζ),

z2 = z1 − lR(γ, ζ)C(γ, ζ),
(1)

where

R(γ, ζ) = 1/
√
1−D(γ, ζ)2 (2)

and
A(γ, ζ) = sin γ cos ζ;B(γ, ζ) = cos γ sin ζ;

C(γ, ζ) = cos γ cos ζ;D(γ, ζ) = sin γ sin ζ.
(3)

To calculate equations of motion for all components, we used
the extended Hamiltonian principle connecting derivative of
the Lagrangian with generalized coordinates q and generalized
forces Q:

d

dt

∂L

∂q̇
− ∂L

∂q
= Q, (4)

q =
[
x1, y1, z1, θ, φ, γ, ζ

]T
, (5)

Q =



u1 sin θ cosφ,
−u1 sin θ,

u1 cos θ cosφ,
u2,
u3,
0,
0


. (6)

Here u1 — total thrust; u2, u3 — torque moments.
Lagrangian of the system with (1):

L =
1

2
m1

(
ẋ21 + ẏ21 + ż21

)
+

1

2
Iyy θ̇

2 +
1

2
Ixxφ̇

2 +

+
1

2
m2

((
ẋ1 + l

(
γ̇C − ζ̇D cos2 γ

)
R3
)2

+

+
(
ẏ1 + l

(
ζ̇C − γ̇D cos2 ζ

)
R3
)2

+

+
(
ż1 + l

(
ζ̇B cos2 γ + γ̇A cos2 ζ

)
R3
)2)

−

−m1gz1 −m2g (z1 − lCR) ,

(7)

where m1, m2 denote quadrotor M1 and load M2 mass
respectively; g is acceleration of gravity; Iyy and Ixx are
quadrotor inertia relative to the transverse axis of rotation
passing through the c.o.m. of mass of the quadrotor.

Finally, from these equations we derived equations of mo-
tion for each component of translational motion:

mẍ1 = u1 sin θ cosφ− lm2

(
AR̈+

(
2Cγ̇ − 2ζ̇D

)
Ṙ+

+
(
Cγ̈ −Aγ̇2 − 2ζ̇ γ̇B −Dζ̈ −Aζ̇2

)
R
)
,

mÿ1 = −u1 sinφ− lm2

(
BR̈+

(
2Cζ̇ − 2γ̇D

)
Ṙ+

+
(
Cζ̈ −Bζ̇2 − 2ζ̇ γ̇A−Dγ̈ −Bγ̇2

)
R
)
,

mz̈1 = u1 cosφ cos θ + lm2

(
CR̈+

(
−2Aγ̇ − 2ζ̇B

)
Ṙ+

+
(
−Bζ̈ − Cζ̇2 + 2ζ̇ γ̇D −Aγ̈ − Cγ̇2

)
R
)
−mg

(8)
and rotational motion:

ζ̈
(
A2 − 1

)
lR = −l

(
DAR̈+

(
2CDγ̇ + 2ζ̇A2 − 2ζ̇

)
Ṙ+

+
(
CDγ̈ −DAζ̇2 + 2ζ̇ γ̇CA−DAγ̇2

)
R
)
−

− ẍ1D + (z̈1 + g)B + ÿ1C,

γ̈
(
B2 − 1

)
lR = l

(
BDR̈+

(
2CDζ̇ + 2γ̇B2 − 2γ̇

)
Ṙ+

+
(
CDζ̈ −DBζ̇2 + 2ζ̇ γ̇CB −BDγ̇2

)
R
)
+

+ ẍ1C + (z̈1 + g)A− ÿ1D,
Ixxφ̈ = u2,

Iyy θ̈ = u3.
(9)

Here m = m1 +m2.
In this research the task was to create a control algorithm

for load motion. Controller initially brought center of mass of
the load to the target position xref , yref and zref coordinates
and further provided following the position with simultaneous
oscillation suppression. We needed to find appropriate control
actions u1, u2, u3, which provided decreasing to zero differ-
ence between current and target coordinates and decreasing
to zero suspension deviation angles from vertical γ, ζ. It
was assumed we knew coordinates of c.o.m. of quadrotor, its
spatial orientation, angles γ, ζ and their derivatives in each
moment of time. The rotors of the quadrotor had enough
power.

III. CONTROL ALGORITHM SYNTHESIS

To find the control actions u1, u2, u3 that solve the above
problem, we choose the desired motion trajectory of the S
center of mass of the load to the target position and the
suspension deviation angles to the vertical position

S : (x2, y2, z2, γ, ζ)→ (xref , yref , zref , 0, 0) . (10)

Let us define the functions:

Sx = ẋ2 + kx (x2 − xref ) ,
Sy = ẏ2 + ky (y2 − yref ) ,
Sz = ż2 + kz (z2 − zref ) ,
Sγ = γ̇ + kγγ,

Sζ = ζ̇ + kζζ,

(11)
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and demand the fulfillment of the conditions

S : Sx = Sy = Sz = Sγ = Sζ = 0. (12)

Transients in the variables x2, y2, z2, γ, ζ will be given by
differential equations system (11), (12).

Realization of conditions (12) for finding the desired tra-
jectory guarantees the aperiodic movement of the load and
suspension to a predetermined position. At a certain point in
time, variables x2, y2, z2, γ, ζ may not satisfy the equations
(12). It is necessary to change the control actions u1, u2, u3
to bring the system to the trajectory (12) and hold it on this
trajectory until the transition to a predetermined position. To
do this, we require the realization of the conditions

Ṡx = −αxSx; Ṡy = −αySy; Ṡz = −αzSz;
Ṡγ = −αγSγ ; Ṡζ = −αζSζ .

(13)

In the equations (11) and (13) kx, ky , kz , kγ , kζ and αx, αy ,
αz , αγ , αζ — are positive constant coefficients that determine
the time the cargo goes to the target position. Equations (13)
describe the stable processes of the system movements to a
given position. Substituting (11) in (13), we get



ẍ2 + kxẋ2 = −αxẋ2 − αxkx(x2 − xref ),
ÿ2 + ky ẏ2 = −αy ẏ2 − αyky(y2 − yref ),
z̈2 + kz ż2 = −αz ż2 − αzkz(z2 − zref ),
γ̈ + kγ γ̇ = −αγ γ̇ − kγαγγ,
ζ̈ + kζ ζ̇ = −αζ ζ̇ − kζαζζ.

(14)

Considering


ẋ2 = ẋ1 + lR3

(
γ̇C − ζ̇D cos2 γ

)
,

ẏ2 = ẏ1 + lR3
(
ζ̇C − γ̇D cos2 ζ

)
,

ż2 = ż1 + lR3
(
ζ̇B cos2 γ + γ̇A cos2 ζ

) (15)

and



ẍ2 = ẍ1 + l
(
AR̈+ 2

(
Cγ̇ −Dζ̇

)
Ṙ+

+
(
−Dζ̈ −Aζ̇2 − 2Bγ̇ζ̇ + γ̈C − γ̇2A

)
R
)
,

ÿ2 = ÿ1 + l
(
BR̈+ 2

(
Cζ̇ −Dγ̇

)
Ṙ+

+
(
−Dγ̈ −Bγ̇2 − 2Aγ̇ζ̇ + ζ̈C − ζ̇2B

)
R
)
,

z̈2 = z̈1 + l
(
−CR̈+ 2

(
Bζ̇ +Aγ̇

)
Ṙ+

+
(
Bζ̈ + Cζ̇2 − 2Dγ̇ζ̇ +Aγ̈ + Cγ̇2

)
R
)
,

(16)

we rewrite the equations (8) relative to the coordinates of the
center of mass of the load

mẍ2 = u1 sin θ cosφ+ lm1

(
AR̈+

(
2Cγ̇ − 2ζ̇D

)
Ṙ+

+
(
Cγ̈ −Aγ̇2 − 2ζ̇ γ̇B −Dζ̈ −Aζ̇2

)
R
)

mÿ2 = −u1 sinφ+ lm1

(
BR̈+

(
2Cζ̇ − 2γ̇D

)
Ṙ+

+
(
Cζ̈ −Bζ̇2 − 2ζ̇ γ̇A−Dγ̈ −Bγ̇2

)
R
)

mz̈2 = u1 cosφ cos θ + lm1

(
−CR̈+

(
Aγ̇ + ζ̇B

)
2Ṙ+

+
(
Bζ̈ + Cζ̇2 − 2γ̇ζ̇D +Aγ̈ + Cγ̇2

)
R
)
−mg.

(17)
We introduce the notation for the components of the right-hand
sides of the equations (17) containing the factor lm1 (Hx, Hy ,
Hz , respectively).

Further, in order to express the necessary control signals
taking into account the required differential equations (11),
we leave all the components with u1 on the left side and
exclude the second derivatives of the load coordinates using
the relations (14):

u1 sin θ cosφ = m (− (αx + kx) ẋ2 − αxkx (x2 − xref ))−
−Hx,

−u1 sinφ = m (− (αy + ky) ẏ2 − αyky (y2 − yref ))−
−Hy,

u1 cos θ cosφ = m (− (αz + kz) ż2 − αzkz (z2 − zref ))−
−Hz +mg.

(18)
We introduce another replacement - we denote the right parts
as (18) Hxx, Hyy, Hzz respectively. When squaring the left
and right sides of the obtained equations and folding them
term by term, we obtain the required total engine thrust

u1 = m
√
H2
xx +H2

yy +H2
zz. (19)

From the equations (18) we find the necessary pitch and
roll angles that ensure movement along the trajectory (12){

θref = arctan (Hxx/Hzz) ,

φref = arctan
(
−Hyy/

√
H2
xx +H2

zz

)
.

(20)

To calculate the control moments u2, u3 let us repeat the
above procedure for the variables φ, θ and obtain controls
that implement the desired quadrotor orientation [15]{

u2 = Ixx(−(αφ + kφ)φ̇− αφkφ(φ− φref )),
u3 = Iyy(−(αθ + kθ)θ̇ − αθkθ(θ − θref )).

(21)

The resulting algorithm (18)-(21) is denoted as full. The
case of constructing a control algorithm without taking into
account the presence of load on the suspension denoted as
partial. For the partial algorithm in relations (18) there are no
components Hx, Hy , Hz and the coordinates of the center
of mass of the quadrocopter x1, y1, z1 are used. Further,
the comparison of the full control algorithm with the partial
control algorithm is performed.
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This comparison allows to evaluate the effect of introducing
feedback on the variables γ, ζ into the algorithm for control-
ling the trajectory motion of the quadrotor-load system.

IV. MODELLING RESULTS

The obtained equations of motion of the quadrotor-load sys-
tem and the controller are implemented in the Matlab/Simulink
environment for simulation. We set the following parameters
of quadrotor, suspension and load: m1 = 0.4 kg, m2 =
0.05 kg, l = 1 m, Ixx = Iyy = 0.0464 kg ·m2. The following
parameters are set for the control system: kx = αx = 4.0,
ky = αy = 4.0, kz = αz = 4.0, kγ = αγ = 6.0,
kθ = αθ = 16.0, kζ = αζ = 6.0, kφ = αφ = 16.0.

From the starting point z0 = 1.5 m, x0 = −0.2 m, y0 =
−0.2 m quadrotor with a load began to move along a given
piecewise linear path with a constant speed V = (ẋ2ref +
ẏ2ref )

0.5 = 0.4 m/s. The height was set constant zref = 1.5 m
for the case of partial regulator and zref = 0.5 m for the case
of full regulator.

The trajectories of the cargo, the quadrocopter and the given
trajectory in the plane (x, y) are shown in Fig. 2, Fig. 3.
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Figure 2. Trajectory of quadrotors motion (dashed), load (dotted) and
referenced trajectory (solid) with partial controller

Controlling the quadrocopter-cargo system by means of
the partial controller provides more accurate movement of
the center of mass of the quadrocopter relative to the given
trajectory, Fig. 2, However, the trajectory of the center of mass
of the load has a large amplitude of deviation from the given
trajectory and curvature compared to the case of control by
the full controller, Fig. 3.

The suppression of the suspension vibrations is provided
by changing the angles of pitch, roll and total thrust of the
quadrocopter engines, that leads to a slight change in flight
altitude, Fig. 4.

The full regulator provides half-oscillation and 20% am-
plitude reduction in position error, Fig. 5. The amplitude of
the suspension deviation from the vertical, determined by

-0.2 0 0.2 0.4 0.6 0.8 1

x [m]

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

y 
[m

]

Figure 3. Trajectory of quadrotors motion (dashed), load (dotted) and
referenced trajectory (solid) with full controller
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Figure 4. Quadrotor altitude change with full controller (dotted) and with
partial controller (solid)

the angle γ, decreases by half when using the proposed
control algorithm, Fig. 6. The decrease in the amplitude of
the deviation determined by the angle ζ is not so significant
due to the absence of a change in the direction of movement
along the axis OY, Fig. 7.

V. CONCLUSION

In this study, a nonlinear controller is proposed to navigate a
quadrotor-cargo system on a reference position. This nonlinear
control takes into account the recent states of a quadrotor with
payload on suspension and tries to suppress the suspension
deviation from vertical during payload movement along the
reference trajectory. This behavior is realized by designing
the algorithm based on the required differential equations of
transients of controlled variables. The simulation results show
that the proposed control system reduces the oscillation of
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Figure 5. Path control error change with full controller (dotted) and with
partial controller (solid)
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Figure 6. Angle γ oscillations with full controller (dotted) and with partial
controller (solid)

the suspension around vertical effectively, compared with the
quadrotor position control system that does not include the
dynamics of payload on suspension. In the future, we would
like to obtain a practical results in indoor flying test on the
laboratory bench equipment.
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